Abstract: Period-doubling bifurcation and period-quadrupling bifurcation of vector soliton pulses in a graphene mode locked fiber laser is experimentally observed and investigated. Not only single vector soliton but also vector soliton bunches as a unity are found to exhibit period-doubling and period-quadrupling bifurcation. The experimental results suggest that period-doubling and quadrupling bifurcation are intrinsic features of the pulses circulating in a nonlinear ring cavity, which are independent of the properties of the mode-locker in the fiber lasers.
Period-Doubling and Quadrupling Bifurcation of Vector Soliton Bunches in a Graphene Mode Locked Fiber Laser

Introduction
The study of passive mode-locked fiber lasers has been attracting a lot of interest due to its versatile applications in optical communication systems. Optical solitons, as localized structures in the optical system, are extensively studied in the fiber lasers because they can be automatically shaped from passive mode-locking pulses propagating in optical fibers with anomalous dispersion. Optical solitons formation in single mode fibers are mathematically guided by the nonlinear Schrödinger equation (NLSE) which takes account the balance between the Kerr nonlinearity and anomalous dispersion. If gain and losses are also taken into account, solitons in the fiber laser cavity are described by the Ginsburg-Landau equation (GLE), which has more complicated dynamics than the NLSE. Owing to the versatile applications of the ultrashort pulsed mode locked fiber lasers, it is of great importance to study the properties of the optical pulses in the fiber lasers. Theoretical studies have revealed several properties of the solitons in optical fibers. Properties of the solitons are generally considered as uniform which is supported by the average soliton theory [1] . Stability and nonlinear dynamics of the optical solitons circulating in the fiber ring lasers. Stability of the solitons in the fiber lasers are intensely studied theoretically by C. Menyuk and S. Wang et al. [2] - [5] .
Due to the nonlinear dynamics property of the fiber laser, the pulses in the soliton fiber laser may experience non-uniformity when the period timing bifurcation occurs. Period-timing bifurcation to chaos is a typical route of the low-dimensional nonlinear dynamical systems as they transit from the stable to the unstable state [6] . Period doubling bifurcation and chaotic behaviour of the pulses in response to a constant incident light was first shown by Ikeda in a nonlinear ring cavity [7] . Soliton fiber lasers as a nonlinear system, a similar pattern can be expected to be observed. The non-uniformity of the scalar soliton pulses in nonlinear polarization rotation (NPR) fiber lasers has been theoretically studied by Kim et al. [8] and experimentally investigated by Zhao et al. [9] . It has been confirmed by Zhao that period doubling bifurcations of the soliton pulses is an intrinsic feature of scalar soliton fiber lasers. In addition, Zhao et al. also reported period-doubling and quadrupling of under soliton interactions, including period timing bifurcation of bound states of solitons, period timing bifurcation of multiple solitons, both of which are studied in a NPR modelocked fiber laser [10] , [11] . Owing to the insertion of inline polarizer in the laser cavity, solitons in the NPR mode locked fiber laser are scalar solitons. All above mentioned studies are thus based on scalar pulses.
In the last decade, polarization independent saturable absorbers, such as SESAM, in particular, graphene like two-dimensional materials, has been attracting lots of interest due to their wide potential applications in optics. When the fiber laser is passively mode locked by these polarization independent materials. The shaped soliton pulses are possibly composed of two orthogonal polarization components, which behaves like one entity and maintains its shape during propagation. These solitons are known as vector solitons [12] . Due to the existence of birefringence in the laser cavity, the orthogonal polarizations can co-propagate as one unit without splitting due to the strong cross-phase modulation and coherent energy exchange between the two polarizations of the vector soliton which may induce intensity differences between these two polarizations [13] , [14] . Considering the case of scalar solitons, it is exciting to study the pulse non-uniformity of vector solitons. It is expected that vector solitons exhibit similar nonlinear dynamics of the scalar solitons in the fiber laser. The period doubling operation of vector solitons were investigated in fiber lasers passively mode locked by semiconductor saturable absorber mirror (SESAM) [15] and single-wall carbon nanotube [16] . Our group has previously studied the quasi-periodicity of the vector solitons in a graphene mode locked fiber laser [17] . However, the study of period bifurcation of vector solitons in fiber laser mode locked by 2D materials such as graphene has never been reported, to the best of our knowledge.
Soliton bunch is an interesting pattern of solitons, which is formed under the soliton interactions in the nonlinear systems. Soliton bunch are frequently observed in mode locked fiber lasers and its properties are also attractable in nonlinear systems. Stable soliton bunch as a unit in the nonlinear system can be considered as a localized structure. While the study of nonlinear dynamics of soliton bunch, in particular the vector soliton bunch, is much fewer than those of the solitons.
In this paper, we report on period timing bifurcation of vector soliton and vector soliton bunch in fiber laser mode locked by graphene. We show experimentally that in a graphene mode locked fiber laser, as a result of the nonlinear propagation of pulses and soliton interactions introduced by the continuous wave, vector soliton exhibits period doubling and period quadrupling under different vector soliton distributions in the cavity. To the best of our knowledge, this is the first study on the vector soliton fiber laser in which the vector soliton bunch formation together with the period doubling bifurcation are considered. Our experimental results suggest that when a vector soliton pulse is circulating in the laser cavity, the nonlinear pulse propagation still follows the dynamics of the nonlinear systems. Stability of the vector soliton pulse transmission in the fiber lasers depends on the vector soliton mutual interactions and interaction between soliton and optical components in the cavity. 
Experimental Setup
The fiber laser setup is schematically shown in Fig. 1 . The laser has a ring cavity configuration that consists of 3 m erbium-doped fiber (OFS EDF80) with group velocity dispersion (GVD) of −48 ps/nm/km and a piece of 13 m standard single mode fiber (SMF) with GVD of 18 ps/nm/km. In addition, a 10% fiber output coupler is used to output the signal, a polarization independent isolator was used to force the unidirectional operation of the ring cavity, and an intra-cavity polarization controller (PC) is used to fine tune the linear cavity birefringence. All these passive components are made of SMFs. The laser is pumped by a high power Raman fiber laser (KPS-BT2-RFL-1480-60-FA) operating at central wavelength of 1480 nm. The graphene saturable absorber is fabricated by the chemical vapor deposition method [18] and in the following the graphene sheets are transferred and deposited onto a standard FC/PC fiber connector. The graphene is measured to be two to three atomic layers, which can be confirmed by the Raman characterization, and its absolute saturable absorption modulation depth is about of ∼7% [19] . The output optical soliton pulse spectra are measured with an optical spectrum analyser (Yokogawa AQ5375). A 32 GHz oscilloscope (Agilent DSO-X 92804A) together with two 25 GHz photo-detectors is used to monitor the soliton pulse train emitted from the laser.
Experimental Results
Mode Locking With Single Pulse
Self-started mode locking with multiple pulses operation can be obtained as the pump power increases to ∼120 mW. To study vector feature of the pulses, a polarization beam splitter is employed to separate the output pulses into two orthogonal polarization components. The two polarization outputs can be simultaneously observed by connecting with two identical photodetectors. The two orthogonal polarizations are separated by a polarization beam splitter. The polarization resolved traces are shown in Fig. 2(a) . It is obvious that along both of the two polarizations, the soliton pulses are always uniform along the two orthogonal polarization components, the vector solitons are polarization locked. The time interval of the adjacent pulse is about 80 ns, which coincides with the cavity round trip time. Mode locking is typically featured by the broadened optical spectrum, as shown in Fig. 2(b) . The central wavelength is ∼1582 nm and the 3-dB bandwidth of the spectra is about 8.6 nm. There are two unstable continuous wave components observed in the spectrum. Initially, multiple pulses in the cavity are observed. By continuously decreasing the pump power, the number of the soliton pulses can be decreased one by one until it reaches the single pulse state. indicating that Fig. 2(c) is the measured autocorrelation trace of the pulse in the cavity. The FWHM of the pulse is about 570 fs and the pulse width is estimated to be 371 fs if a sech 2 pulse profiled is assumed. The time bandwidth product is about 0.381, indicating that the optical pulse approaches the transform limit.
Period Timing Bifurcation of Single Vector Pulse
Starting from the state of single pulse emission, one can slowly increase the pump power to ∼200 mW so that there is still only one pulse in each round trip time. By carefully changing the orientation of the paddles of the PC, which corresponds to controlling the cavity birefringence, period timing bifurcation of the pulse is observed. Fig. 3 shows a typical state of period bifurcation. Fig. 3(a) is an oscilloscope trace of the pulses measured with a time span of 2 micro-second. Comparing with Fig. 2(a) , it is easy to see that pulses on the vertical axis (green line) are no longer uniform. Instead, the intensity of the pulse varies periodically and the period is four times of the cavity round trip time. It is easy to see that period-quadrupling solitons along the horizontal axis are not as clearly to see. This could be attributed to the way we separate the axis. The intensity ratio of two axes (V to H) is set to around 1:5 so that we can observe the bifurcation from the vertical axis as clear as possible while in the horizontal axis the bifurcation is not easily to be observed. It is noted that intensity of both axis has been normalized in the figure. Under the state of period-doubling or period-quadrupling bifurcation, the period of the soliton variation doubles (corresponds to the case of period-doubling) or quadruples (corresponds to the case of period-quadrupling) on the oscilloscope trace, which has adjusted the resonance condition between the soliton and the dispersive waves. Consequently, apart from the conventional Kelly sidebands that are caused by the mutual resonance between the soliton and the dispersive waves co-propagating every roundtrip, additional spectral sidebands can be found on the spectrum. Fig. 3(b) shows the corresponding optical spectrum. Comparing with the spectrum in Fig. 2(b) , one can observe the appearance of extra spectral sidebands in Fig. 3(b) which is indeed a direct consequence of the cavity bifurcation effect. By carefully reducing the pump power, the period doubling may be potentially obtained. However, as a strong continuous wave always co-exists with the soliton component, their mutual gain competition can decrease the soliton pulse energy. Consequently, a stable state of period doubling single pulse is not found until the mode locking operation is destroyed.
Period Timing Bifurcation of Soliton Bunches
Multiple pulse formation is a common state in fiber lasers with net anomalous dispersion. Multiple pulses are observed when the pump power is typically >200 mW. Although the period doubling of single pulse is difficult to obtain, period doubling bifurcation of soliton bunch with several solitons can be obtained when the pump power is ∼300 mW. A typical such state is shown in Fig. 4 . As shown in Fig. 4(a) , the period of the pulses is doubled in vertical axis (green line) and not as clear in horizontal axis. Each pulse observed in the trace is not a single pulse but a soliton bunch. The details of the soliton bunch are shown in Fig. 4(b) and (c) , which corresponds to the two distinct states in Fig. 4(a) (indicated by arrow) . It is interesting to see that the two pulses in the bunch together show the period doubling bifurcation whereas each of them exhibits different intensity fluctuation patterns. It indicates that the solitons are independent of each other but they can propagate as a unit in the bunch. Fig. 5 shows such periodicity of the vector soliton bunch in 5 µs scale. It is still easy to see that the period of the pulses is doubled.
Further changing the cavity conditions, period quadrupling of the soliton bunch is also obtained, as shown in Fig. 6 . It is noted that period quadrupling of the soliton bunch can also be obtained by increasing the pump power from the state of period quadrupling of single pulse (see Fig. 3 ). The state is depicted in Fig. 6(a) . It is found that similar to the case of period doubling, although the two solitons do not necessarily show an identical intensity distribution, the soliton bunch as a team exhibits period quadrupling feature. Similarly, details of the soliton bunch are shown in Fig. 6(b)-(e) . A corresponding optical spectrum of the period quadrupling is measured. The polarization resolved spectra in Fig. 7 show that in the horizontal axis (blue line) there is a strong CW component. Both of the two polarizations are found with extra sidebands. This indicates that CW may play an important role on the period-timing bifurcation dynamics.
It is worth mentioning that period bifurcation of soliton bunch is not necessary limited to two-pulse soliton bunch. We have observed similar dynamics with three soliton bunch and even four soliton bunches. Figs. 8 and 9 show the period-timing bifurcation of four-pulses soliton bunch in the laser cavity. First of all, it is easy to see that whatever the pulses in the bunch varies, the soliton bunch as a group exhibits as period doubling and period quadrupling, respectively. Secondly, if a single pulse in the bunch is considered, it is found that each single pulse also displays as period doubling. A similar case is found in Fig. 8 . Fig. 8 shows the case of period doubling bifurcation of a soliton bunch with four solitons. With even more solitons involved, the same feature can be also expected. We have tried to control the number of the solitons in the bunch through tuning the pump power, the period timing bifurcation state can be kept stable when there are 2-5 solitons in the bunch.
Discussion and Conclusion
The cavity period bifurcation, which corresponds to the output laser intensity repeating by a period of more than one round-trip, is caused by the cavity nonlinear switching effect. The existence of intracavity saturable absorber can induce the optical cavity bi-stability, that is, high/low transmittance output states for the same value of the input intensity when the cavity parameters are adjusted in some ranges of values.
Another important factor that is crucial for the formation of the cavity period timing bifurcation are CW-induced multiple soliton interaction. Owing to the gain competition between CW and soliton, the state of period doubling bifurcation of single pulse becomes unstable and is hardly obtained. With more solitons appearing, the CW intensity is suppressed and a stable state of multi-soliton mode locking is achieved. If the soliton-to-soliton separation is larger than 10 times of the soliton pulse duration, their mutual interaction, which is a global type of soliton interaction, can be mediated by CW [20] . If several solitons are very close to each other to form a soliton bunch, the influence of the global soliton interactions can be counter-balanced by the attraction force among solitons which is introduced by graphene saturable absorber [21] . Thus in a graphene mode locked fiber laser, multiple solitons are usually observed forming a bunch as a long-time state. Period timing bifurcation is sensitive to the cavity detuning and light intensity. Comparing to single soliton, energy of soliton bunch is higher and can provide more regime for the timing bifurcation. Moreover, when there is only one pulse in the laser, usually corresponding to a lower intra-cavity power. mode locking state are more sensitive to the parameter and easily destroyed when the PC is tuning. This could be the reason for no observation of period-doubling of a single soliton.
In summary, we experimentally investigated the period timing bifurcation of vector soliton operation of a fiber laser passively mode locked with by graphene saturable absorber. It has been found that soliton bunch exhibits period-timing bifurcation features. Our experimental study shows that the period bifurcation is a general nonlinear phenomenon that can exist with various formats: single vector soliton, multiple solitons and soliton bunch. Moreover, as graphene is firstly discovered two-dimensional materials. This work is also the first observation of period doubling bifurcation of solitons in fiber lasers mode locked by two dimensional materials. Our results show that graphene mode locked fiber laser is an ideal platform to study the nonlinear dynamics of the solitons.
